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PURE MATHEMATICS (ALTERNATIVE SYLLABUS) 



A meeting was held at University High School near the end of the term II 
the participants being teachers from State High Schools who were teaching the new 
Matriculation mathematics courses. 

In the course of the meeting the scarcity of suitable test material was 
discussed. 

It seemed that one way of providing useful material fairly quickly would be 
to publish in the form of a circular, test questions which have been set in schools 
taking the new courses. 

This circular consists of test papers and questions from test papers for 
which the Branch is indebted to the following schools: 

Camberwell H.S., Carey G.S., MacRobertson G.H.S., 

Maribymong H.S., M.L.C., Stav/ell H.S., St.Kevin's College, 

University H.S., Waverley H.S., Wesley College, Sunbury H.S. 

The papers have been checked for accuracy as far as time has permitted but 
teachers will be well aware how easily "typing errors can be missed. Hence the 
questions should be read carefully and preferably worked out 'before being given 
to pupils. 

It is hoped that these sets of questions will be of assistance to teachers 
taking the new courses this year and to teachers in the future. 
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PAPER 1 



1 • Obtain the derived function of sin2X| using the definition 
of a derived function. 



2, Using the rules for differentiation find the derived functions ofs 
(a) coax + x.sinx (b) artan4x (c) In(secx) (d) x 3 .e 3x 



Obtain the critical points and use than to help sketch the graph 
of the function f : R — > R where f(x) = 4sinx - 3cosx. 



Obtain the terms as far as the term in rr ia the expansion of 
(3 - 2x) 10 



Find the constant term in the expansion of (x - 2x“ 2 )^. 



Find the greatest term in the expansion of (■£ + 

X X 



c 



Using \ dt and 

J 0 ’ + t 



> + 



t) " at find an expansion for 



ln(l + x) which has ihe form a + bx + cx 2 + dx 3 +..... where 

a,b,C|d are constants. 



Find an indefinite integral of: 
(i) (x 3 + 2) 2 (ii) X 



(iii) cos 2 2x 



(2x 2 - 3) : 



Find the approximate value (to 3 significant figures) of: 

12 

2x + 5 *dx 



S 



(2x - 3 ) (2x + l) 



Use a suitable substitution to evaluate: 
8 



ii 



J 1 + x. 



dx 
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1 • (a) If 7 . = 2 - if show, on a single Argand diagram, the points 

represented by:- 

i 2 

Zf Zf Zf z 

(b) Find the six > sixth roots of 1, and show that they include 
both the square roots and the cube roots of 1, 

2, (a) Find an antiderivative of each of the following, 

2 2 

(i) tan x sec x, 

_3 



(ii) 



x + 1 , 

(iii) sec^x - tan^x 

(b) Evaluate the following: - 



(i) 



{ 

5 



dx 






(ii) ^ 

y (x + i)^ (x t + 



2 ) 



(c) A metal sphere is dissolving in acid. It remains spherical 
and the rate at which it dissolves is proportional to the 
area of its surface. Prove that the radius decreases at a 
constant rate. 



3, (a) If A = 


1 


2 


ol , B » 


1 


2 


3 




1 


1 


• 


1 


1 


-1 


1 


-1 


4 


•J 


£ 


2 


2 



and C s 



2 

1 

1 



3 

■J 



show that AB = AC, 
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How does this result differ from what is true for algebra 
over the field R? 



(b) If X n 



Cl 



and.. Y = 



£} , find XY and 



the 



determinant of XY, Hence find the Inverse of the matrix XY, 

4 



1 
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3. (o) If M = 



2 3-1 


N 8 


— 

X 


and F » 


-3 


1 0 1 




y 




3 


_0 -2 3_ 




_z_ 




_8_ 



solve the system of linear equations: - 
MN = P 



(a) Find the largest subset, S, of R such that f (x) * n/T-x^ 

defines a function f : S — ^R. With this domain, find the 

range of f, and sketch the graph of:- 

^(x, y) : y * f (x)"^ 

(b) Given f : R — > R where f (x) » sin x, find z , the 

inverse of f, stating its domain and range. Find, also, the 
composite functions f o f“* o.f. Do they define the same 
identity function? 

(o) Given two functions, f and g, such that:- 



f: 


R — •> R, where f (x) 


a 2x 


g: 


R + — 5>R, where g (x) 


8 V^X 



find which of the composite functions f og and go f are 
defined, and state the domain and range of any suoh defined 
function. 

Sketch the curve whose equation is:~ 



y = 



4x* + 5x + 1 

2 



x + 2x + 2, 

locating any stationary points and asymptotes. 

(a) By expanding both sides of the identity - 
(i + *)“ + 2 = 0 + x ) n (i + *) 2 , 
prove that:- 

( n ; 2 > - <;> ♦ ?<,!,)'♦ (|" 2 ) 



Mi- 
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(b) If n is a positive integer, express (l + x) n as a polynomial. 
Hence, deduce the polynomial expansion of (l - x) n , and use 
these two results to show that, when n = 3:- 

(i) (1 + x) n + (1 - x) n = 2(1 + 3x 2 ), 

(ii) (1 + x) n - (1 - x) n a 2x(3 + x 2 ) 

(c) In how many ways can eight boys be divided into two groups? 

7# (a) Find '^x: x^ + 3x" ~x - 3 = 0, x£ n 

(b) The following table gives Hie temperature 0° C of a body above 
the temperature of the atmosphere t minutes after it starts to 
cool:- 



t 


5 


10 


15 


20 


25 


©' 


63.5 


50.5 


40.1 


31.8 


25.3 



Verify that the relationship between 0 and t is of the 
form © = a, 10° , where a, b, £ R, and find the values 
of a and b. 



(c) If 




3 2 
x + ax 



+ bx + c = 0 



.1 



x^ = x 2 + x^, prove that:- 

3 

a — 4ab + 8c = 0, 





, and 



8, (a) V/hat fraction of the area of the region enclosed by the 

circle x + y = 4 lies outside the parabola y = 4(1 - x;? 

(b) A tank with plane sides has square, horizontal, cross sections 
whose sides vary in length from 2 feet at the base to 5 feet at 
the top; the height is 12 feet. Find, by integration, the 
volume of -the tank. 




Find the total mass of liquid in the tank, if the density 
decreases uniformly with height from 201b, /ft at the 
bottom to 121b, /ft at the top 0 

6 



\ 
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9, (a) The operation 



is defined on J\ j" by x ~y - I x - y 



Give answers to the following questions, with a reason in each 
case:- 



10 , 



(i) Is the operation commutative? 

(ii) Is it associative? 

(iii) Has each element an inverse? 

(b) Let © represent the binary operation "take the greater of" 

e.g ., 3 © 4 = 4, and G represent "take the first mentioned 

of", e.g., 2 © 3 = 2. Do these operations, on the set 

^0, 1, 2, 3^ , constitute a field? 

(a) If x is any number greater than -1, prove that:- 
(1 + x) n ^ 1 + nx. 

When is it true to say that - 

(1 + x) n = 1 + nx. 



(b) Prove that, if n £ N 
n 2 y n + 1. 



f} ! - 



Deduce that - 

(n n ) < n ^ 



n N n 



**************** 
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PAPER 3 

/ \ 4 2 2 4 

1 . (a) Factorize completely x - 3x y + y 

1 

(b) Express in partial fractions 



XT - 4x 



n \ O 

(c) If z = x + iy and g — find x and y. 

(d) Using only the formulae for modulus and phase of products, 

2 

construct the argand point of i • 



2 

2, (a) Let f (x) = x define a function on the closed interval 

- 2 ^ x * 8, find (i) f (4) ; 

(ii) f (-3) , 

(iii) f(t - 3) 



Let A 


- C- 1.1 


] - 


f- 


-1 X 


gr 


h of A into A be 


defined by- 




(1) 


f(x) 




x2 » 




(ii) 


g(x) 


S5 


X 3 , 




(iii) 


h(x) 


rs 


Sin x 


Which 


function, 


if any 


is 


onto? 



■} 



and the functions 



(c) Let the functions of f, p, h be defined by 

2 

f (x) = x where O^x 4?1 
2 

g (y) = y where 2 4 = y 4? 8 
2 

k (z) =s z where z £, R 
Which if any, of these functions are equal? 

(a) Find from first principles the derivative of 
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(b) Differentiate - 

1 x 

t 



x - 1 



x - 1 



’yT- 



rpr , COS 3X, 



x 



1 + sin x 
1 - sin x 
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5. 



(a) Find the middle term in the expansion of 



(t-i) 



(b) considering the coefficient of x r in the identity 
(1 + x) m + n = (1 + x) m (1 + x) n 

Prove that - 

m + n p xl, nip XL, , n_ m_ n_ 

c r = ° r + c i C r - 1 + C 2 C r - 2 + . . + C r-1 C 1 + 



4 3 2 

(a) The graph of f s R — where f(x) =: x + ax + bx + cx + d 
has turning points at (0, 0) and (l, 1,). Find a, b, c, d 
and sketch the graph. 

(b) Sketch quickly the graph of - 

y = JZT- 2) 2 + /(x + 2) 2 

*■[;::] 

Calculate if possible - 
AB, A + B, A(B + C), BA, BC* where C» is the transpose of C. 




(b) If A and B are two 3 X 3 matrices explain why in general 
(A + B) 2 4 * A 2 + 2AB + B 2 

(c) State the transpose rule for the product of two matrices and 
prove that if each of the matrices A, B and AB is symmetric, 
then (A + B) 2 ss A 2 + 2AB + B 2 . 



7. (a) Show that if m is a positive integer which is not a multiple of 3 



(- 4 ^ 



- 1 - i jt 



m 



( 6 3 

x : x + 2x 

mark them on the argand diagram. 



+ 4 



= - 1 






and 
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9. 



10 . 



If 



{■ 



3 2 

x - c^x + CgX - Cj 



prove that x^ + x g + x^ » 



= °j = [*,. v *,j 



x 1 2 + x 2 2 + x^ 2 ■ c 1 2 - 2 c 2 



x.j + x 0 ? + x/ = 0, - 3 c.|C 2 + 3C 



If — ■ ^ x 1 + x 2 + x. 



-1 



2 2 2 
x 2 +x 2 + x j = 5 



x^ + x 2 ' + x^ = -7 



3 , „ 3 , J 
I + 

find Xij f x 2 | Xj. 

If C 




-1 



find C 



Hence or otherwise solve the set of linear simultaneous equations 
x + 2y + 3z ■ 2 
x + 3y + 5z « 3 
x + 5y +12z a 7 

If a student in his hurry wrote this down as 




lhat can you say immediately about the inverse and why? An d what 
can you infer from these equations? 



If f 



{ 



(x, y)| x,y f £. R where y = kx + 



*) 



Prove that for k C. o f y may assume any value whereas for k 
y cannot assume certain values and find -these values. On the same 
diagram sketch the graphs of the 3 cases k« 1 ( kaO } k n-1 , 
and show their asymptotes. Also state the values of m for which 
the line y a mx intersects one and only one of the graphs. 
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In this paper, R stands for the sot of real numbers; ph z stands 
for phase of z or angle of z or argument of z. 



What is the largest subset X of R for which F : X 
function f having the rule f(x) = 



R defines a 



(a) 



1 



1 + x 



(b) log e (2x + 3) 



(c) 2x cos 2x? 

Find the derivative and a set of antiderivatives of each of the 
functions, with such a domain* 

If z * 2 + i, express as a complex number: 



-1 - 



z + 5 - 2i, z 



+ iz + 5 - 2i. 



Show the approximate position of each on a complex plane sketch* 

2 

Calculate the absolute value of z + 5 - 2i and of z * 



Express z and z in polar form* 

Show these relations on complex plane sketches: 

2 



^z : | z | a 5 "^ *and ^z : 

Given f : R ^ R where f(x) = sin x 

and g : R + )R where g(x) = v/"xT 



z = 3 + 41 



} 



determine, giving reasons, which of £, f o g, g o f, f~ , g~ 
are defined* For those which are, state the domain, range, and rule, 
and sketch their graphs. 



1 ) Find the value of the greatest coefficient in the binomial 

1 2 

expansion of ( 1 + x) . Give reasons • 

What is the sum of - 



(] 2 ) ♦ 



(’ 2 ) 



0 



♦ (] 2 2 ) » 



Give reasons 



a) Find, from first principles, the gradient of the graph of -Oie 

function f : R — >R where f(x) » sin x at the point (a, sin a) 



2 

b) Sketch the graphs of f, f , & three antiderivatives of f 

and indicate the connection between the values of each at the 

point where x = Tf 

2 * 

0 ) Calculate the volume enclosed by rotating the graph of 

g : ! oCx^lf \ — ^R where g(x) e a in x about the 

x axis* ^ 



2 
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a) If f is the function f : R — ^R, f(x) ■ £ s:Ijl x> 
find the sets jx * f(x) * 1^ 

and |x s f* (x) « 



b) Find the set ^x s x £ R and cos 3x « cos 5x. 
For the function f : X — ^R where f (x) i 



} 



fc - " - 1 - ) " state the 



largest subset X of R for which f is defined. 

Determine the values of x for which f(x) and f*(x) are zero, 
positive and negative. Sketch the graph of f, showing any 
straight line asymptotes and any turning points clearly. 

For what values of x is f d decreasing function? 

a) If r and °C are given real numbers, list the elements of the 
set ^z : « r(cosc< + 1 sinoC 

and illustrate on a complex plane sketch if r ■ 8 f 



UL 

4 



b) Express as a product of linear faotors over C : 



x 2 

x + x + 3x - 5 



and find 



/ 3 2 

7 x * x + x + 3x-5*0, x£C 



) 



c) The equation 



3 2 

2x + bx + cx + 8i 



0 has roots 2, i, and a. 



Find b 9 c 9 and a. 
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9* a) Calculate: 



b) 



I 




dx for 



hi - 1 



and determine whether the result has a limit as ft j . approaches 1 
Cive a geometrical Interpretation of your result and the existence 
or otherwise of its limit. 

2 

For the function f : R — ^R whore f(x) n x sin x 9 show that 

r ir 

f (-*) n -f(x). Hence, or otherwise, find \ f, giving a 
reason for your answer. 
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> 10# For any two elements a and b of the oet J of integers 

let a + b a 4n + r, 
ab * 4m + a, 

where m are integers, and r, a ^0, 1, 2, 3 
Define a © b ■ r 
a (S) b » b 

Calculate a © b and a (x) b when 

(i) a * 10, b * 15, 

(il) a * 10, b ■ 10 

Establish which of the field laws are satisfied for J 
under © and ® and which are not# 




i 

I 

i *************** 
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(a) If Z = -1 -i write down the modulus and phase of Z* 
Express in the form x + iy, where x and y are real 
numbers: 



(i) 2 



(u) | 



(iii) (Z)' 



(b) Form the quadratic equation whose roots are 
cos Tr 



6 — 



i sin tT 

6 



Sketch the curve whose equation is y 



x*~ — 6x 5 

(* + D 2 



locating any stationary points and asymptotes, and hence 



deduce ihe graph of y 



(s-+ ir 



(a) If A 



D = 



x - 6x + 5 



1 2 
2 3 
1 -2 

Da 



B 



G : -■] 



(i) Evaluate the product AB. 

(ii) Find D" 1 

(iii) Evaluate ihe determinant of C« 

(iv) Find the transpose of C* 

(v) Find the adjoint matrix of C# 

(b) Find the solution set of the equations 
-x + 2y - 3z ■ -8 
2x - y + 4z = 17 
3x + 4y + z a 22 

by the method of inverting a matrix* 
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(a) Find the solution set for the equation 

/l'-x + .y 4 + x = v -4x - 3 



(b) Prove (£) = ( n ^) and hence evaluate (gg) 



(c) Find the seventh term of the expansion (x g)^ 



(a) Find all functions f such that f'(x) = 



x + 2x 



(b) Evaluate £ 

) 



dx 



x - 16 



(c) Find the area bounded by the x-axis and the curve whose 
equation is 

2 . 
y = x - 4 

Find also the volume of the solid formed when this region is 
rotated about the x-axis • 

6* (a) Simplify tan© sec© 

1 + tan^© 



6 6 2 2 

(b) Prove the identity sin© + cos 0 = 1-3 sin © cos^© 

(o) Find the set ^x: 0 ^_x T and 2 sin 3x cos 2x - sin 3x 

(a) let R* be the set •Tx: X £ R, x^ 0^ 

^ o 

If f: R — “^R is given by f(x) = x + 3» and gs R* — ^R is 
given by g(x) = JIT write down the ranges of f and g* 

Find the composite functions fog and go f, stating their 
domains and ranges* Calculate the value of (go f)' at x = 1 • 

(b) Find the largest subset S of R such that f(x) = 1 + Tx” 

defines a function ft S — ?R, With this domain find the 

range of f and sketch the graph of £(x,y): y * f(x)^ 

Find f~\ -the inverse of f, stating its domain and range* 

Sketch (with the same axes as before) the graph of 

^(x,y)t y = f"\x)^ and calculate where it intersects 
the first graph* 



-} 



X 



15 
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8i (a) Form a cubic equation whose roots are 2, 1— 2i 
(b) Find + 24i 

(o) 

9* (u) 

Determine the moduli and arguments of these values of A , 
when R 2 y/~{ L /c), and plot the values of A on an 
Argand diagram for R as 4 f L = 5» C = ■£. 



i 

r 

| 



Find x, y R such that + 2 " j r = x + iy 

21 5 + /i 

2 

The equation L + R It + 'c = 0 occurs ixi 

dt 

electrical theory* Find by direct substitution two values 
of the constant A > in order that the value q = e^^ 
should satisfy this equation, (L, R and C are constants 
and L v R y C £ R*) 



? 

i 

i 



\ 



f 

[ 

i 

[ 

( 

f 

I 

i 
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(a) Give the nth# term of the sequence: 

1 1 1 1 



1,2 9 2.3 9 3.4 1 4.5 9 

Show that the sequence may be written: 

0-4), 4 - 4 ), 44 ), 4 - 4 ), 



1 



2" '2 3" x 3"4 ,f x 4 5' 

Hence prove that the partial sum Sn = 1 - 

and that the sequence has a sum S = 1 • 



(b) Give 3 conditions for a function, f, to be continuous at x = a# 
Find if the functions defined by the following are continuous at 
tiie point given# If not, state which of the three conditions is 
not satisfied: 



(i) 


f(x) a 


|x - 5x + 6 
4 x - 2 


for all x ^ 2; 








for x = 2 


(ii) 


f(x) a 


\ 

x + 2 
x - 2 ’ 


at x = 2 


(iii) 


f(x) « 


x + 2 
x - 2 * 


at x a 3 



(a) For any function, f , give a definition of D^f, explaining any 
symbols you use# 

From your definition find D^f (x) where f (x) =* yjji + 1 

(b) Write down the rule which gives Q(x) * g(x)^ 



and use 


it to 


Find D : 


C for 


(i) 


f(x) 


(ii) 


f(x) 


(iii) 


f(x) 




x TgU 



f (x) a (3x - 1 ) 4 
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3. Discuss the function f : R ^ [l ^ R where f(x) = * . + -j^ 

noting 

(i) wlieref(o) and f(x) * 0 

(ii) any limits to f, and the continuity of f 

(iii) any stationary points. 

Sketch the graph of the function, marking any features found in 
(i), (ii) or (iii). 

4. AB, BC are two roads at right angles to one another. AB = 1 mile and 
BC = 3 miles. P is a point on BC, A man walks straight across country 
from A to P at 3 mph f and then along the road from P to C at 5 mph. Find 
the distance of P from B for the time taken for the whole journey to be a 
minimum. 

5. (a) 

(b) 

6. (a) Find the derivative of sin 2x using the definition of a derivative. 

(b) If y = - prove that - 

p 

D y. sin x + 2ly. cos x - x « 0 

(c) Obtain the stationary points of the functions, f. and fg where 

2 

fj(x) = 2 cos x and fg(x) » cos 2x. 

Use these points to sketch the graphs of the functions. 

What transformation will map f ^ onto fg? 

(For each function the domain is 0 x 2 TT ) . 



Obtain sufficient values of (r, ©) to sketch Idle graph of 
^(r, ©) s r « 1 - cos © 

Repeat part (a) for r = y ^ ~ ^ . Obtain the cartesian form 
of the equation of this curve, and identify the curve. 





************** 
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